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1 Chernoff-Cramer Method

(¥) Write the log-MGF of RV Z as 1z(\) = logEe*?. Then we have

eAZ
PIZ > 1] < 5 = exp(~(A — (V) < exp(—¥5(N)

where ¥7(t) = sup>o(AM — ¥z(N)).

Example 1.1. When Z ~ N(0,0?) then ¢} (t) = t* which recovers Chernoff’s:
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P[1Z ~ E[Z)| 2 f] < 5.

This same bound holds for Z ~ D where D is sub-Gaussian with parameter o i.e. ¥z(\) < /\22‘72. It is
not too difficult to check that Var[Z] < o2 in this case. (9: Taylor expand e*?)

Claim 1.2 (Hoeflding’s). Let X be such that EX =0 and X € [a,b] almost surely. Then ¥’ (X) < (b=a)®

1
2
In particular X is sub-Gaussian with parameter %.

That is, bounded RV’s are sub-Gaussian. (“Obviously”, since the tails become 0)

Proof. Just compute the double derivative: (first derivative is ¥ (A) = E]éi ﬁ;x)

y EXQe)\XEekX _ (EXe)\X)2
x(A) = (EerX)2

2
- / T GRS V) ( / y(ewvwd*y)dP)

and the desired conclusion follows (easy to upper bound variance of RV supported on [a,b] by %) by

considering the tilited measure dPy = (e~%¥Nd*)dP. The second part follows from Taylor expansion of

Px(A). O

Corollary 1.3 (Chernoff). Let X; be independent random variables supported on [a;, b;] for 1 <i <mn. Then
for anyt >0,
P Zn:(X EX,) >t| < ( 2t? )
i A 2t SexXpl =g | -
Pt iz (bi — ai)?

Theorem 1.4 (Bennett). Let X; be independent random variables supported on [—c;,¢;] for 1 < i < n.
Suppose E[X;] =0, Var[X;| = 0? and v =3 o?. Then for S =3, X;, we have

t2
> ] > - '
P[S > t] > exp ( 2(v + max; Cit/?’))




We incorporate variance information here, so when v < max; ¢;t we get better bounds than Chernoff.
(9: Poisson tails. The whole point is to show that the tails of £ behave like Poi(0?/C) — 02. The key
fact is if Y = Z — & for Z ~ Poi(§) then 3 (t) = {he(t/€) where hq(-) is the binary entropy function.)

Proof. Taylor expand

In particular, let Y = Z —¢ for Z ~ Poi(”—j) so that ¢s(A) < ¥y (Ac). This in turn implies ¢§(t) > 1o} (1) =

% hy () and the final step is to use the numerical inequality hq(z) > lfx . O

V2

2 Tensorization of variance — Efron Stein
(V) Let Z = f(Xq,...,X,) for i.i.d. X;. We endeavor to write

Z—EZ:ZAi

for uncorrelated A; so that Var[Z] < Y, EA? by “tensorization”.

The most natural way to find A; is to use a Doob’s martingale: think of {X;} as a stream with X,
revealed at time 7 and we let A; encode the additional information revealed at time 4. Intuitively A; and
A; are uncorrelated. Precisely, let E;[Z] := E[Z]|X4,...,X;] then for A; = E;[Z] — E;_1[Z] we have
the telescoping sum Z — E[Z] = >, A; with E[A;A;] = E[AE[A; | X, ... X;]] = 0. This way, Var[Z] <
Y, EA? < YL E[(Z — E[Z| X1,...,Xi—1,X,,...,X,])?] because we can use Jensen’s inequality and the
identity E;[Z —E[Z| X1,..., Xi-1, Xi,. .., Xn] = Fi1[Z].

We simplify using Var[Y | X] = E[(Y — E[Y | X])?| X] so that we get

Var[Z] <E ZV‘&Y[Z | X1, X1, Xy oo, X

Finally, we also have

n

1
E ZVar[Z|X1,...,Xi_l,XiH,...,X,L]] = 5ZJE[Z— FXs o X, XY X, -, X))

i=1
=E inf E[(Z — Z;)%]
Z;i(X1,..,Xi—1,Xi41,...X, )-measurable
where X/ is an independent copy of X; and the second equality is just the variational/least squares charac-
terization of variance.



Theorem 2.1 (Bounded differences V1). Let X; be independent random variables on Q@ and suppose f: Q™ —
R satisfies

sup ‘f(xlv"wxn) _f($17"'7$i7a:i+17"'a‘rn)‘ S Ci

’
Ty @, T

for some ¢; > 0 for each i € [n]. Then
I
Var[Z] < i ;:1 ;.

Remark 2.2. When applying bounded differences in graph settings, it is worthwhile to consider whether the

edge exposure martingale or vertex exposure martingale gives better bounds.

Theorem 2.3 (Convex Poincaré). Let X1, ..., X, be independent random variables taking values in [0,1] and
let f:10,1]" — R be a separately convex function whose partial derivatives exist. Then Z = f(X1,...,Xn)
satisfies

Var[Z] <E|Vf|*.

Proof. 1t suffices to note that

IN

<E[IV/]?.

n 2
ZE 1nffXl,...,Xi_l,Xg,Xi+1,...,Xn))2] ZE[(Sj(XQ) (Xi — X))?

O

Example 2.4. Let M € R"*" be a random matrix with entries M;; independent and taking values on [0, 1].
Then its largest singular value satisfies Var[oy(M)] < 4.

Theorem 2.5 (Gaussian Poincaré). Let X = (X1,...,X,,) be a vector of i.i.d. standard Gaussian random
variables. Let f: R™ — R™ be any continuously differentiable function. Then Z = f(X1,...,X,,) satisfies

Var(Z] < E||V /||

We give two proofs of this, because making a mock qual for Liane made me actually read up about Markov
semi-groups. The first proof illustrates tensorization. (¥: Efron-Stein is fundamentally about splitting an
n-dimensional variance into a sum of 1-dimensional variances; so we can just “tensorize” the 1-dimensional
bound)

Proof 1 of Theorem[2.5. As described above, it suffices to prove for X ~ A (0,1), we have

Var[f(X)] < E[|Vf(2)|]?].

This 1-dimensional Gaussian Poincaré is really a central limit statement, in which let {e;}? ; be i.i.d.

Rademacher random variables so that for S, = ﬁ i & we have f(S,) 272 f(X). To finish up just

Taylor expand

ei 1 g 1 2[f'(Sn)| | 2sup, |f"(z)]
(s Ger ) o (s mm )| < R
and apply Efron-Stein. O

Before we give proof 2, we remind ourselves some notations regarding Markov semi-groups. Let (X;) be
a Markov process on some state space, let P; be its semi-group and let L be the generator of this semi-group.

Suppose X; has an invariant measure .



Definition 2.6. The bilinear form &, also known as the Dirichlet form, is defined to be

&(f,9) = —(f,Lg) = —/ngdu-
We will always assume that (X;) is reversible so that L is self-adjoint.

Definition 2.7. The covariance w.r.t. the invariant measure Cov,, is defined to be

Covu(f,9) /fgdu /fdu/gdu-

Lemma 2.8 (Covariance Lemma). Cov,(f,g) = [;° E(f, P.g)dt

We define the Ornstein-Uhlenbeck process given by the SDE:
dX, = —Xdt + V2dB,.
Alternatively it is realized by the Brownian motion as
Xy =e'Xg+e 'Bor_;.

It turns out that the generator and Dirichlet form for this process is given by (Lf)(z) = f”(x) — 2 f'(x) and
E(f,9) =Ez[f'(2)g'(Z)]. Furthermore the invariant distribution of the OU process is N'(0,1).

Now generalize this to multiple dimensions the obvious way. Note that we also have the identity V(P.g) =
et (P, Vg) which is obvious from the BM representation of the OU process.

Proof 2 of Theorem[2.5. This literally follows from Lemma [2.8 and Cauchy-Schwarz, along with the fact
that P; is contracting in L?(u) which itself is a consequence of Jensen’s. We just compute away:

Cov,(f,9) / E(f, Prg)d
_ /O (Eu[Vf - V(Peg)ldt
_ / T BV - PV
:/ooeft<Vf,Pt(vg)>dt
0
< [ eV PVl
0

S/O eIVl IVl Lz g dt

= IV fllz2 I Vall2 ()

3 Tensorization of entropy — Entropy method

The aim of this section is to bootstrap what we saw in the previous section to get stronger tail bounds.
To that end we will work with entropy instead of variance. In parallel with the Poincaré inequalities we will

instead prove log-Sobolev inequalities.



3.1 DMotivating examples of entropy tensorization: Han’s inequality

Definition 3.1 (Shannon entropy). Let X be a RV with distribution P(X = z) = p(x). Then

H(X) := E[-logp(X)] = = > p(x) log p(x).

We have the chain rule: .

H(Xi,...,X,)= ZH(Xi | X1,..., Xi_1).

i=1

Definition 3.2 (KL divergence). Let P and @ be two probability measures on countable 2. Then

D@Q | P)= quigg.

x

There is also a chain rule for KL-divergence; but to simplify notation we write X;.; = (X1,...,X;):

n

D<Q H P) = ZD(QX1 [ X1i-1 ” PXI | X101 |QX1;1'71>'

i=1
The chain rule illustrates tensorization. We have an “analogue” for Efron-Stein in these contexts as:

Theorem 3.3 (Han’s inequality for Shannon entropy). For arbitrary discrete random variables Xy, ..., X,

1 n
H(X1.,) < 1 Z;H(Xl, vy Xim1, Xigr, X))
Theorem 3.4 (Han’s inequality for KL-divergence). Let Q2 be a countable set and let P and @ be product
probability distributions on Q™. Then

n

1
D@QIP)z — ;D@m

| Pxw),

where Qxi =Q1 @ ®Qi-1 ®Qit1 Q- ® Qn.

The main idea in the proof of Theorem is that conditioning only reduces entropy, which itself is
basically Jensen’s. And then we can deduce Theorem from Theorem [3.3] Here’s a more conceptual way
to understand Theorem [3.3] Let’s write Theorem [B.3] as

> H(X1y) — H(XW) < H(X1.).
i=1
Let us also define f: {0,1}" — R by f(z1,...,2,) = H(X; : z; = 1) then we can artificially rewrite the

above as
n

> (flar,... zn) —min f(z1, o 2n)) < (@100 n) (1)

i=1
which is reminiscent of the kind of self-bounding conditions arising in bounded differences. To recap, we can
prove bounded differences for self-bounding functions i.e. f: Q" — R such that for each 7 there exists some
fi: Q@ — R such that:

o 0< f(x) — fi(z®) <1,

° Z?Zl(f(xl,...,xn) — filxr, .o xn) < floeg, ..o xy).



It turns out that this kind of self-bounding condition is true for all sub-modular functions so we can in

fact prove Han’s for all sub-modular functions.

Lemma 3.5. For a set S of random variables, let H(S) = H(X; : i € S) be the joint entropy. Then for any
sets A, B of random variables, the sub-modularity of H refers to the fact that

H(AUB)+ H(ANB) < H(A) + H(B).

Indeed to prove (1)) just apply submodularity to A = [;] and B = [n]\ {i} and then we’ll get a telescoping

sum.

Example 3.6 (Isoperimetry on Boolean hypercube). For any A C {0,1}" we have |E(A, A)| > |Al(n —
log, |A]). (9: Let X ~ynir A, then H(X) — H(X®) tells us what happens along direction i; in particular we
check H(X) — H(X®) = ﬁm#{edges in direction ¢}, then apply Han’s.)

3.2 Bounded differences with exponential tails: Introduction to Herbst’s argu-
ment

Definition 3.7. We define the entropy of a RV X as
Ent[X] = E[X log X] — E[X]E[log X].

Remark 3.8. This is related to KL divergence as follows: if Z is the Radon-Nikodym derivative of Q < P
and X ~ P, then Ent[Z] = D(Q || P).

Lemma 3.9 (Entropy Tensorizes). Same set-up as before, so X = f(X1.,). Then
> Ent?[Z]
i=1

Proof 1. We make use of Remark so define a measure @ with pmf given by ¢(z) = p(x)f(x) so that
D(Q || P) = Ent[Z]. We can compute that Theorem basically implies the tensorization we desire. O

Ent[Z] <E

Proof 2. Begin with the telescoping sum
Ent[Z] = » E[ZUj]
i=1

where U; := log H and then invoke the dual characterization of entropy which gives

Ent[Z] = sup E[ZX] (2)
X:E[eX]=1

and this itself is a consequence of Young’s inequality. (by homogeneity we may assume that E[Z] = 1; now
use uv < ulogu — u + €¥, so that

E[ZX] < E[Zlog Z] — 1+ E[e*] < E[Z log Z] = Ent[Z]
and the converse follows by letting Zy = min{max{Z, N~'}, N} and letting X = log Ezﬁ) O

Lemma 3.10 (Herbst’s argument). Let Z be an integrable random variable such that for some v > 0, we

have for every A > 0,

)\2
Ent[eAZ] < —VEeAZ.
Then, for every A > 0,

Yz_z(N) <



Proof. We have that the log-Laplace transform expands vz _gz(\) = log E[e’?] — AE[Z].
() Check that
d Yz-gz1(A) _ Ent[er]

A ANE[M]
n eAZ
(Alternatively, A (A) — vo(\) = Stlirl where (A) = 17_5(z)(V).)
L’Hopital’s shows that wz%m(x) — 0 as A — 0. Now integrate: OA 4 Md)\ < fo L. O

Theorem 3.11 (Bounded differences V2). Let X; be independent random wvariables on Q and suppose
f: Q" = R satisfies

sup  |f(z1,. xn) — f(@1, o Ty Tig1, - 20)| <

for some ¢; > 0 for each i € [n]. Let v=13"7" ¢2. Then fort >0, we have

3

t2

P|Z-EZ|>t]<e 2.

Proof. e Lemma (3.10| implies we we need to bound EE[t [f Z]} which we can do so using Claim

Ent[ 2 2)\2
—— = A 9 0)do < —
e Tensorization of entropy == tensorization of Laplace transforms. (9) Plug in e*? for the random

variable in Lemma [3.9]

n_ 242
SE[ A E(i)[eAZ]]
4
=1
2

e Apply Lemma [3.10] again and finish up with the Chernoff-Cramer argument.

3.3 log-Sobolev inequalities (LSI)

As in the case of the Poincaré inequality, we will give two proofs of the log-Sobolev inequality. After

giving the semi-group proof we will also introduce a unified way to think about these inequalities.

Theorem 3.12 (LSI for Bernoulli RV). Let X3,...,X,, be i.i.d. Bernoulli RV. Then

Ent[f?] < 2E[|Vf|?].

. a%loga® b2 log b> a’+b> a -|-b2 (a—b)?
Proof. Tensorize >+ — - 5 log < = O

Theorem 3.13 (LSI for Gaussian RV). Let X = (X1,...,X,) be a vector of n independent standard normal
random variables. Then
Ent[f?] < 2E[||V£[}°).

Proof 1 of Theorem[3.13 Use CLT and combine with Theorem [3.12) O



First, recall that both variance and entropy are both special cases of ¢-entropy.

Definition 3.14. For a given convex function ¢ and a random variable Z, we define the ¢-entropy to be
Ent?[Z] = E[¢(Z)] — $(E[Z]).

Lemma 3.15 (Semi-group expression for ¢-entropies). Insert some technical conditions on ¢ and f to make
everything well-defined:

Ent?[f] = / TR (P)IV PSPt
0
Proof. (V) Define a(t) := E[¢p(P,f)]. Note that a(0) = E[¢(f)] and
a(50) = E[lim 6(Ff)] = H(ELf]).

This means Ent?[f] = a(0) — a(c0).

Finish up with chain rule and integration by parts:

o/ (t) = E[¢'(P.f)L(P.f)]
(V' (Pif), V(Pf))]

[0 (PLHIV PSP,

[
E o

Proof 2 of Theorem[3.13 When ¢ = zlog z, note that Lemma gives

ol - [ 2 [ZE)

o [IPAIVAP
g [ IR 1]
;/0 i

R |

[ [P

LIV
2E{ 7 }

where the inequality follows from Cauchy-Schwarz. This implies that Ent[f?] < 2E[||V f||?]. O

IN

Remark 3.16. We can write both Poincaré’s and LSI in a unified form as:
e Var[P,f] < e %Var|f]

e Ent[P;f] < e~ 2 Ent[f].

Example 3.17. We can get the Gaussian concentration inequality for Lipschitz functions by combining
Herbst’s argument with Theorem for e*4/2. Precisely, if f: RY — R is Lipschitz then for Z = f(X1.,)
we have

P[|f(Z) - E[Z]] > t] < 2exp(—ct?).



Here is another proof. First WLOG E[Z] = 0. The goal is to show ¢z(A) < CA2. Let Y be an
independent copy of X, then Jensen’s gives E[e_/\f(y)] > 1 so that

E[eM X)) < E[erFO=FD),

Now, write f(X) — f(Y) = [7/% 4 £(Y cos§ + X sin8)df. Now, write

IN

/2
E[ek(f(x)—f(y))] g / E |:exp <7r)\df(Y cosf + X sin (9)):|

9 /2
—/ E[exp <71-2)\Vf(Ycos¢9+Xsin9)-(—Ysin@—&—XcosH))]
0

IN

™

but (—Y sinf + X cos#) ~ N(0,1)? for fixed Y cos@ + X sinf and furthermore —Y sinf + X cos@ is inde-
pendent of Y cosf + X sinf. This gives the desired tails.

3.4 Modified log-Sobolev inequalities (MLSI)
The motivation for this is in Example we actually only need LSI for e*4/2, The MLSI shold be

thought of as a tensorization specific to the Laplace transform.

Lemma 3.18 (Modified log-Sobolev inequality). Let Xi,...,X,, be independent random variables, let Z =
fXq,...,X,) and Z; = fi(X(i)) where f; is an arbitrary function on X1,...,X;—1, Xs11,..., Xn, andlet
¢(x) =e* —x — 1. Then for all A € R, we have

Ent(e*?) < ilﬁ:[&%(%(z - 7))

Remark 3.19. As states this MLSI will only be able to give us right tails and not left tails, because we will
crucially always assume that Z — Z; > 0 so that we can use the bound ¢(—z) < 2?/2. That is, a working

mathematicians’ version of MLSI is

Ent(e*) < A2 iE[e’\Z(Z —7Z)?). (3)

i=1

We need to introduce another variational formulation of Ent: (i.e. expected value minimizes expected
Bregman divergence which is f(y) — f(z) — f'(z)(y — x))

Ent[Z] = ir;fO]E[Z(logZ —logu) — (Z — u)]. (4)
Proof of Lemma[3.18 1t suffices to note that for Y = e*? and Y; = e*%, using (4)) we have

Ent®[e*] < EDY (logY —logV;) — (Y = Y;)]
< E(’L) [GAZ)\(Z o Z’L) o (eAZ _ e)\Zi)]
= EV[Mo(~(Z - Z3))]
and use tensorization of entropy. O

The first application is a stronger form of bounded difference.



Theorem 3.20 (Bounded Difference V3). Let Xi,..., X, be independent random variables and let Z; =
inf,, f(X1:-1, %, Xit1:n). Suppose there is v > 0 such that

n

Y (Z-2) <.

i=1

Then for all t > 0,
PZ-RZ >t <e ¥/

Example 3.21. Let A = (a;;) be a symmetric n x n matrix with each a;; being independent Ber(—1, +1).
Let A1 (A) be the largest eigenvalue of A. Then

+2
P[)\l(A) — ]EAl(A) Z t] S e s,
Note that it is important here that we had an “average” type of bound for
v=_max Y (fx) - f@&"))>.

ze{-1,+1}"

i=1
Perhaps a more explicit way to spell this out is to think of bounded difference V2 as giving concentration
when the function f has bounded

n

maX, (f($17 T2y eve s Tj—1, T4, xi+1) L] 7xn) - f(xlax27 ey Ti—1, — g, l‘i+17 ceey xn))Q
P ze{£1}n"

while this version gives concentration when f is bounded in terms of

n

max (f(l‘l, T2y eve s Tj—1,T4, xi+1) L ,-Tn) - f(xla'r27 vy Lj—1, — T4, xi+l7 sery xn))z
ze{£l}n P

and the position of the max was critical so that we can use the same test vector (ald Courant-Fischer) for
all the coordinates and the apply the Cauchy-Schwarz inequality.

Next, we bootstrap Theorem [2.3] to have sub-Gaussian tails.

Theorem 3.22 (Right tails of convex, 1-Lipschitz functions). Let f: [0,1]™ — R be a separately conver,
1-Lipschitz function. Let Z = f(X3,...,X,,) where X; are independent and supported on [0,1]. Then for all
t>0,

P[Z-EZ>t]<e /2

Proof. Tt suffices to note that by convexity of f we have

n

n 2
N z-z2<y (d‘;fm) = |Vf? < 1.
i=1 v

=1

O

Remark 3.23. Naively using 1-Lipschitz alone would have given Y "  (Z — Z;)? < n, and so convexity is

crucial here. Furthermore, because we need Z — Z; > 0 (why?), this method does not give left tails.

10



4 Transportation method

Recall Remark and which combined implies that we have the following variational characterization
of log-Laplace transform/log MGF in terms of the KL-divergence:

Vz-gz)(A) = Si%[)‘(]EQ[Z] —Ep[Z]) - D(@Q | P)].

Proof. In , let Z = dQ/dP be the Radon-Nikodym derivative and let U = A\(Z — E[Z]) — ¢ z_g[z)(A). O

(¥) The key idea is that if for all Q@ < P we have EgZ —EpZ < /2vD(Q | P), then it follows
2
that ¥z g,(2](A) < 257

To prove EqZ —EpZ < /2vD(Q || P) we need to find a good coupling between P and Q.

Example 4.1. Let P be a product measure on ", then for any A, B C Q" measurable we have that the
Hamming distance between A and B satisfy

n 1 n 1
dH<A’B><¢2'<N\/z'<B>'

11
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