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In the first part, we develop a proper theory of Itd’s integration i.e. how do we make sense of
(H . X)t“ =" lim HkE(X(k-i-l)a — ng)
e—0

by exploiting the orthogonality of martingale increments in X to get cancellation, even if X itself has rather
rough sample paths.

1 “Normal” integrals

Definition 1.1 (Finite variation). Let a: [0,00) — R be a cadlag function. For any n € N and ¢t > 0, let

[2nt]—1

v (t) = Z la((k+1)27") —a(k277)|.

k=0

Then v(t) := lim,_,cc v"(t) exists for all ¢ and is the total variation of a on (0, t].

Claim 1.2. A cadlag function a: [0,00) — R can be written as a difference of two right-continuous, non-
decreasing functions if and only if a is of finite variation.

Proof. Let a™ = 1(v+a) and a= = 1(v — a) and then note that

at(t) —at(s) = nl;rglo 3 i (la((E+1)27") —a(k27™)| + (a((k + 1)27™) — a(k27™)))
k:2"s:[

+la(ty) —at,) + (a(ty) —a(t;)) |-

O

Claim 1.3. Let A be a cadlag, adapted process of finite variation V.. Then V is cadlag, adapted and pathwise
non-decreasing.

To see V is adapted, note that V; is the limit of F;-measurable RVs:

2" —1

Vi, = nhanolo Z |A(k+1)2—n — Apg—n| + |AA.
k=0

Definition 1.4. The previsibile o-algebra P on 2 x (0,00) is the o-algebra generated by sets of the form
E x (s,t] for E € F; and s < t. Then we say H: Q x (0,00) is previsible if it is measurable w.r.t. P.



Claim 1.5. Let X be a cadlag adapted process, and define for all t the process Hy := X,~. Then H is

previsible.
Whsn is a process previsible?
Claim 1.6. A process H is previsible, then H, is previsible with respect to Fy—

First use monotone class theorem to establish that the vector space
V={H:Qx[0,00) = R s.t. Hyis Fy-measurable Vt > 0}

contains all measurable bounded functions. And then use standard approximation techniques: consider

H, = 280 5,

Example 1.7. A Poisson process (N¢):>o is not previsible since IV; is not F;--measurable.

Theorem 1.8. Let A: Q x [0,00) = R be a cadlag, adapted process of finite variation V. Let H be a
previsible process, and assume that for all w € Q it holds that for all t > 0:

/ |H (w, $)|dV (w, s) < 0.
(0,1]

Then (H - A)(w,t) := f(O,t] H(w,s)dA(w, s) is cadlag, adapted and of finite variation.

Proof. e Well-definedness follows by writing H- A= H"- At —H~ - AT —H*. A~ +H~ - A~ and then

invoking the condition to conclude that each of these terms are finite.

e It’s not difficult to prove cadlag, also note that

A(H . A)t = /HS].(S = t)dAs = HtAAt.

e We prove adaptedness by a monotone class argument

e Finite variation follows by the earlier characterization of writing it as a difference of non-decreasing

processes
O

2 Local Martingales
Definition 2.1. A filtration (F;):>0 is said to satisfy usual conditions if:
e Fy contains all P-null sets,
o (Fi)t>0 is right-continuous, that is for all ¢ > 0 it holds that F; = Fyt := [),5; Fs-

Remark 2.2. For continuous X, we define Fr :={E € F: EN{T <t} € F, ¥Vt > 0}.

We can remember optional stopping theorem as effectively stating that the class of cadlag martingales is

stable under stopping.

Definition 2.3 (Local martingales). A cadlag adapted process is called a local martingale if there exists a
sequence (T,),>1 of stopping times with T;, 1 400 almost surely, such that the stopped process X Tn is a

martingale for all n > 1. In this case we say that (T},)n>1 reduces X.



Remark 2.4. Consider My = |B;|~!. We can easily check that E[M;] — 0 as t — oo, so it is not a martingale.
But we claim that T, = inf{t > 1:|B;| < n~'} is a sequence of reducing times for M;.
To show that M;,r, is a martingale, use the fact that |z[~! is harmonic and f(B:)— f(Bo)—3 fot Af(Bs)ds
is a martingale. There is a need to carve out the singularity at 0.
To prove that T, 1 oo it suffices to use annulus probabilities. That is, let S, = inf{t > 1:|B;| > R} and
then use E[Mr, rs,] = E[M;] and write
P(lim T, < o0) <P(HR: T, < Sg for all n) = hm lim P[T,, < Sg].

n— oo R—o00 n—00

Claim 2.5. If X is a local martingale and X; > 0 for allt > 0 then X is a supermartingale.

Proof.
E[X; | Fs] = [hmlant/\T | Fs] < hmme[Xt/\T

5| = hrnlang/\T = X,.

When is a local martingale an actual martingale?
Claim 2.6. TFAE:
e X is a martingale.
e X is a local martingale and for all t > 0, the family
Xy ={Xr : T is a stopping time with T <t}
is UL

Proof. (=) follows from OST which gives X7 = E[X; | Fr| and then using the fact that if X € L'(Q,F,P)
then {E[X |G] : G C F is a sub-o-algebra}. Consequently, X; is UL
(<) It suffices to show that for all bounded stopping times T we have E[X1]| = E[X(]. To show this we

use the Ul martingale convergence theorem on

E[Xo] = E[X{"] = E[X "] = E[X7ar,]-

Corollary 2.7. A bounded local martingale is a (true) martingale.

Theorem 2.8. If X is a continuous local martingale with Xo = 0 and X has finite variation then X = 0

almost surely.

Proof. Define T, = inf{t > 0 : V; = n}. Then the sequence (T},),>1 reduces X, because | X/ "| < |Viaz,| <1
and apply Corollary . Let Y = X™». We compute

N—
E Yoy — Y2,)?
k=0
N-1

< E[ sSup |Y;k-+1 - }/%kl : Z |Y;5k+1 - Y;ik‘] — 0,
0<=N k=0

where in the last step we used DCT and

lim sup |V, — Y |=0.
N—oog<k<N



Remark 2.9. Continuity here is important! Counterexample otherwise: Let N ~ Poi(1), and let X; = Ny —¢

for t > 0, then X is of finite variation and X is a martingale.
The following depends on the notion of quadratic variation which is introduced in a later section.

Claim 2.10 (Example sheet 2). If M is a continuous local martingale with My = 0, then M is a L*-bounded
martingale iff E[[M]oo] < 0.

Proof. (<) follows by MCT + Doob’s. Let T;, be a reducing sequence. Then
E[sup M?] = limE [sup Mtz} =limE |:SUP(M;T")2:|
¢ no L<Ty n ¢

< 4liTan]E[M721n] = Alim E[[M]r, ] = 4E[[M]] < o0.
0

Remark 2.11 (Some other example sheet style problems). The same proof shows that if for all times ¢t we
have E[[M]:] < oo then it follows that M; is a martingale. Consider an It6 process Y (to be defined...) with
Doobs-Meyer decomposition given by dY; = (t)dt+0(t)dX; where X is a martingale. Then [Y] = o2(¢)-[X]

a.s. and so this shows for example that E [fg e Bs dBS] = 0 since fot e*BsdB, is a martingale.

Is there a “canonical” choice of reducing sequences?

Claim 2.12. Let X be a continuous local martingale with Xg = 0. For n > 1, define the stopping times
T, =inf{t > 0: | X:| = n}.

Proof. e (T, are stopping times)

1
T, <t}=< sup |X¢|>n, = Xs|l>n——( € F
(T <) {SE[O%]| | } NU{xisn-¢}exn

k>1 s<t
seQ
e (T, 1 oo) Continuity of X implies sup (o |Xs(w)| < o0, so there exists finite n(w,t) such that
n(w,t) > sup,eo 4 | Xs(w)| which implies that T, (w) > t.

T AT,

e (T, reduces X) Let T;* be a reducing sequence, then X + is a martingale so that X'~ is a local

martingale, but since it is bounded it is a true martingale.

O
3 Ito6 integrals
Let S denote the set of simple processes
n—1
H(W’ t) = Z Zk(w)l(tk,tk+1](t)
k=0
for some n € Nyand 0 =ty < t; < -+ < ¢, < 0o and Z, is a bounded F;, -measurable random variable.

Also define:
o M? = {L? bounded, cadlag martingales}
e M2 = {L? bounded, continuous martingales}

o M?,,.={L* bounded, continuous local martingales}



31 HeS, MeM?
Claim 3.1. Define for H € S and M € M2,

n—1

(H-M);:= Z Zi(My, nt — My nt)
k=0

and then H - M € M?2.
Proof. The L? boundedness follows from independence of increments and also Doob’s maximal inequality. [

Claim 3.2. Let H € S and M € M?. Then for any stopping time T, it holds that

H-M"=(H-M)".

3.2 HelL*(M),Me M?

Now, we build towards It6 isometry to extend the definition of the stochastic integral from S. But first
we need to introduce Hilbert space structures to the integrators and integrand.

To equip the integrators M2 with a Hilbert space structure, for X a cadlag adapted process, define the

norm
X = [lsup | X[ 22
>0
and let C? = {cadlag adapted processes X with || X|| < co}. On M?, we also define || X|| := || Xoo|| 2. The
point is that M? = M. N M? is a closed subspace.
Another way to think about Doob’s maximal inequality is that ||-|] and ||-||| are equivalent norms. Here’s

an example calculation to show that if (X™) is a sequence in M? such that [|X™ — X|| — 0 then X is a

martingale:

IELX, | o] - Xollze < [ELX, - X7 | F) 4+ X2 - X, 1o
< BLX: — X7 | Follle + X2 = Xol1o
< 11X, = XP e + X2 — X, 2
< 2)|x" - X|| = 0.

Next we equip the integrands with a Hilbert space structure.

Definition 3.3 (UCP convergence). Let (X™) be a sequence of processes, then we say that X" — X
uniformly on compact in probability if for every ,¢ > 0 we have
Plsup | X7 — X4| > €] — 0.
s<t
Theorem 3.4 (Quadratic variation). Let M be a continuous local martingale. Then there exists a unique

(up to indistinguishability) continuous, adapted and non-decreasing process [M] such that [M]o = 0 and

M? — [M] is a continuous, local martingale. Moreover, if we define

[2nt]—1

[M]} = Z (Mg41y2-n — Myg—n)?
k=0

then [M]™ — [M] ucp as n — oo.



Remark 3.5. The intuition here is that if X has finite variation then if we chop up the interval [0,7] into
T/6t intervals of size §t then on each such smaller interval (kdt, (k + 1)dt) we increase X on the order ~ dt,
and then adding T'/dt of some ~ 0t gives O(1).

For quadratic variation, the intuition is to think about Brownian motion, where E|Bii5t — Bi| =
V6t|N(0,1)|, so in particular if X has finite quadratic variation we should think that on the smaller in-
terval (kdt, (k + 1)6t), X increases on the order ~ /6t so that if we add T/t of square of increment then
we get O(1).

Proof. e (Uniqueness) This follows from the fact that the only continuous local martingales wiht bounded

variation is a.s. 0.

e (Existence M € M?) The strategy is to guess what M? — [M] should look like. Start with compact
time sets [0, T, where T is deterministic and finite. We can try to approximate M7 dyadically by

27771
HZI = Z MkQ—n1(k2—n’(k+1)2—n](t)
k=0

then dyadically we would build the martingale to look like
renT]—1
X =(H" M) = Z Mpg—n(Mg41)2-nnt — Mya—npt)-
k=0
Indeed, we can check that M2, , — 2X7, ., = Y52 (M(ji1)2-n — Mjp-0)? = [M]7,_,.
The first step is to show that (X™) is bounded in [|-|]]. The only tool we have at our disposal is

Cauchy-Schwarz to “isolate processes”, so we just follow our nose, writing H = H™ — H™:

X" = X™|? = E[(H - M)7]
[r2n17-1

=E Z HPyoo(Mjoi1y2-n — Myg-n)?
)

2"77-1
S E sup ‘Ht|2 Z (M(kJrl)z—n — Mk2—n)2
te[0,T7] k=0
B 27 1/2 [2nT]—1 277
CS.E < sup |Ht|2> E Z (Mg1)2-n — Mya—n)?
t€(0,7] k=0
S IM|| s

for some constant C > 0.

Finally we should check that [M]™" — [M] ucp. So we first now that

sup |X{ =Yy =0
0<t<T

in probability. It suffices to combine this with uniform continuity of M? and Y on [0,T + 1]:

sup [[M]y — [M]7] < sup |M3nppng — M7 +2 sup | X5 nrons = Yo-npaneg| +2 sup [Yo-npony — Yil.
0<t<T 0<t<T 0<t<T 0<i<T



o (Existence M € M, ,.) This is a localization argument. Define T,, = inf{t > 0 : |M;| > n}. Then
apply the previous step to get a unique continuous adapted and non-decreasing process [M71"] on
[0, 00) so that [MTn]p = 0 and (MT")? — [M™"] € M, joe. Uniqueness allows us to “stitch” everything
together.

It remains to be seen that [M]™ — [M] ucp as n — oo, which follows by considering that when
{T, > T} then we can just use the previous step, and T} T co:

sup |[MT’“]?— [MT’“]t| >e| — 0.

P | sup [[M]} — [M]:| > s] <P[T, <T|+P
te[0,T]

t€(0,T]

Example 3.6. For the standard Brownian motion, we have [B;] = t.
Corollary 3.7. If M € M? then M? — [M] is a UI martingale.

Proof. We just keep using the fact that if we can bound a local martingale above by something integrable
then we can conclude that we have a true martingale.
Let S, = inf{t > 0: [M]; > n} for all n > 1. Then S,, T 400 and S, is a stopping time for all n, with
[M]¢ns, <n.
By Doob’s we have that M2 s, — [M]tns, is dominated by something integrable. Then combine OST
and MCT (LHS)/DCT (RHS) to get:
E[[M]ins,] = E[M{\s,] = E[[M]s,] =E[MZ,].

n

Taking n — oo and then we get that [M]., is integrable, and this is enough to show that |M? — [M],] is

dominated by an integrable random variable. O

Now that we have the non-decreasing function [M](w), we can define a corresponding Lebesgue-Stieltjes

measure; indeed, we can define u on P the previsible o-algebra by:
u(E x (s,t]) = E[L(E)([M]: — [M]s)].

(and noting that E x (s,t] is a m-system that generates P)
Then we define Ly(M) := L?(2 x (0,00), P, 1) and write

I lecan, == [E ([ Hfd[M]s)]l/Q.

So far we have all the definitions in place to state Itd’s isometry which allows us to extend our work
in the earlier section. To spell it out, we first discuss the stochastic integral that we built by hand for
H € S C L*(M). We claim that for any M € M?, the map H — H - M provides an isometry between
(L2(M),||-||ar) and (M2, ]|-||) when restricted to & C L?(M). Indeed, using the fact that M? — [M] is a



martingale

IH - M[* = | (H - M)oo]7

i
L

E[Zg(Mtk+l - Mtk )2]

I
(]

k=0
n—1
k=0
n—1
=Y EIZEE[M]e, — [M]e | Fo ]

T
= o

E[ZI?([M]tk+1 - [M]tk)]

B| [ Hzan.| = 1A

ol
Il

We can extend this to the entire of L?(M).

Theorem 3.8 (Itd’s isometry). There exists a unique isometry I: L*(M) — M? such that I(H) = H - M
forall H € S.

This is to be expected since S contains indicator functions of all previsible processes P, and so S is dense

in L2(P, u) for any choice of finite measure p on P.

Proof. Extending I to the whole of L?(M) follows because I(-) is linear for simple processes. To show there

is isometry, use || — lyllll < = - || and get

|- M = T (| M = T [ H = [ H]

3.3 H locally bounded, M € M.,
Claim 3.9. Let M € M? and H € L?>(M) and let T be a stopping time, then
(H-M)" = (H1(0,T]))- M = H - (M7).
Proof. There are three stages:
1. First, fix H € S and M € M2, T taking finitely many values

2. Next, fix H € S and M € M2, T a general stopping time. then approximate T using T}, ., =
(27"[2"T]) Am.

3. Finally, H € L?>(M), M € M? and T a general stopping time, and then approximate H by considering
a sequence (H™),>; in S such that H™ — H in L?(M).

O

Definition 3.10 (Locally bounded process). A previsible process H is locally bounded if there exists a
sequence (S, )n>1 of stopping times with S,, T co almost surely such that H1(0,S,] is bounded for all n.



Definition 3.11. Let H be a locally bounded previsible process such that H1(0,.S,] is bounded for all n,
for (Sy,)n>1 & sequence of stopping times with S, T 0o a.s. and let M be a continuous local martingale iwth
reduce sequence (S%),>1 given by S! = inf{t > 0 : |M;| > n} so that M € M? for all n. Let T,, = S,, A S/,
for all n > 1 and define

(H- M), := ((H1(0,T,,]) - M),

for t <T,.
We next show that this extension of the stochastic integral still continues to behave well under stopping.

Claim 3.12. Let M € M_ .. and let H be a locally bounded previsible process. Then H - M € M¢ o and

(Th)n>1 as given in the previous defintion is a reducing sequence. Then for any stopping time T we have
(H-M)T = (H1(0,T))- M = H- (M7).
Claim 3.13. Let M € M o and let H be a locally bounded previsible process. Then
[H 116 M) = H? [opesguesticijes [M].
Proof. e Suppose H, M are uniformly bounded, then for all bounded stopping times T’

E[(H - M)7] = E[(H1(0,T]) - M)3

o]
1to’s

= E[((H1(0,T]) - [M])o]
= E[(H* - [M])7]

so by the converse of the OST it follows that (H - M)? — H? - [M] is a continuous martingale, and by

uniqueness of quadratic variation process it follows that [H - M| = H? - [M].
e If H is only locally bounded then as always we employ a localization argument. Let (T},) be a sequence
of stopping times such that H1(0,T,], M are uniformly bounded, then using MCT we can write
[H-M] = lim [H-M]™

n—oo

= lim [(H - M)™]

n—00

= lim [(H1(0,T5,]) - M™"]

n—oo

= lim (H1(0,T,])* - [M™]

n— 00

= H?-[M].

Everything is in the same space, so we can iterate integrals.

Claim 3.14. Let M € Mg o and let H, K be localy bounded previsible processes. Then
H - (K-M)=(HK)-M.
Proof. These are well-defined because

||HHL2(K-1VI) = ||HK||L2(M)- (1)



Let (H™) and (K™) be sequences of simple processes converging to H and K respectively, and then note
that

|- (K™ M) = H - (K - M)|| < [(H" = H) - (K" - M)|| + [ H - (K" = K) - M)|
0 | H — Hll 221y + 1 H | 22 ((iem— 1) p)
|(H™ — H)E™ | 2an) + [H(E™ — )| z2an)
< IH" = H 2| K™ 1 + | H | K™ = K| 200y — 0.

Now finish with a localization argument to handle the case where H, K are locally bounded. O

3.4 H locally bounded, M semimartingale

Definition 3.15 (Doob-Meyer decomposition of semimartingales). A continuous adapted process X is a

semimartingale if it can be written in the form
X=Xo+M+A
where M is a continuous local martingale, A is a process of finite variation and My = Ay = 0.

Assuming that H is left-continuous, then we can obtain the integral as the limit of its Riemann sum

approximations.
Claim 3.16. Let X be a continuous semimartingale and H be a locally bounded left-continuous process which

1s a dapted. Then
[27¢] -1

Z Hyo-n (X (g 1)2-7 — Xpo-n) = (H - X)y
k=0
ucp as n — Q.

PTOOf. Let Hf = H2—n L2n” = Zk) Hk27n1[k27n, (k' + 1)27n)(t) CheCk that

[27t]—1
(HTL . M)t = Z HkQ—n (M(k+1)2—n - Mk?*") + HQ—n L2ntJ (Mt - MQ—nLQntJ)
k=0

and then use Ito’s isometry to check that |[H™ - M — H - M||*> — 0. O

Remark 3.17. 1t6 integration effectively constructs a (local) martingale, and so we would not expect I(-) to
preserve positivity.
4 Stochastic calculus
Definition 4.1 (Polarization identity). For M, N € M, i, define the covariation to be
1
[M,N] := Z([MJrN] — [M — NJ).
Theorem 4.2. Let M, N € Mg .. Then the following hold:

(a) [M, N] is the unique (up to indistinguishability) continuous, adapted, finite variation process such that
[M, Ny =0 and MN — [M,N] € Mq e

10



(b) Forn >1, define
[274]-1

[M,NT? = > (Mgeg1yz—n — Mya—n)(Nr1y2-n — Nio—n).
k=0

Then [M,N|} — [M, N]; ucp as n — oo.
(¢c) If M,N € M2, then MN — [M, N] is a UI martingale.
(d) For H locally bounded and previsible, it holds

[H-M,N]+[M,H-N|=2H-[M,N].

Proof. For (d), expand (H +1)*-[M,N]=[(H +1)- M, (H + 1) - N]. O
Theorem 4.3 (Kunita-Watanabe). Let M, N € M 0. and H a locally bounded, previsible process. Then
[H-M,N)=H-[M,N].

Proof. 1t suffices to show [H-M, N] = [M, H-N] and then invoke (d) from earlier. By uniqueness of quadratic
variation, it suffices to prove that (H - M)N — M(H - N) € M o.. By localization it suffices to restrict to
M, N € M? and H bounded, and by OST it suffices to prove E[(H-M ) N7| = E[My(H-N)7) for all bounded
stopping times 7. But by some shimmy-ing once more it suffices to prove E[(H - M) oo Noo] = E[Moo(H - N) o]
for all M, N € M2 and H bounded.

When H = Z1(s,t] where Z is bounded and F,-measurable we can check that the above evaluates to
E[Z(M;Ny — MsNy)]. Use linearity to extend to H € S. Now approximate H by H" — H in L*(M) and
L?(N) then we can show that (H™ - M) No, converges in expectation to (H - M) Noo by Cauchy-Schwarz

or whatever. O

Definition 4.4. For X,Y continuous semimartingales we define their covariation [X,Y] to just be the

covariation of their respective martingale parts in the Doob-Meyer decomposition.

Claim 4.5. Let X,Y be independent continuous semimartingales. Then [X,Y] = 0.

4.1 Ito’s formula

Claim 4.6. Let X and Y be continuous semimartingales. Then
t t
XY~ XoYo = [ XadVet [ VX, + (XY,
0 0
Proof. 1t basically following by dyadically summing the following identity: For s < ¢, we have
XoYs — XY, = X,(Ys - V) + Yy (X — X,) + (X, — X,,Y; - Vo).

O

Theorem 4.7 (Ito’s formula). Let X', ..., X? be continuous semimartingales and let X = (X1 ,... X9).
Let f: R? = R be C2. Then

11



Remark 4.8. A consequence of Itd’s is that if f is harmonic then f(B;) € M, jo¢; further if f is bounded
then f(B;) is a (true) martingale.

Define the Stratonovich integral as
t t 1
/ X,0Y :/ Xdes—|—§[X,Y]t.
0 0

The Riemann sum approximations for the term on the RHS is midpoint rather than the left endpoint

l2mt]—1

X(k+1)2-n + Xgo-n
Z ( (Btd) 5 (Yes1)2-n — Yio-n)-
k=0

However, because the integrand is the midpoint, we end up with the fact that the Stratonovich integral is
no longer necessarily a local martingale. The perk is that the integration by parts formula is particularly

simple:

t t
X,Y; — XoYo :/ X,0Y, +/ Y,0X,.
0 0

The actual thing to remember is the following list of shorthand:

iterated integral) H;d(K;dX;) = (H. K;)dX;
Kunita-Watanabe) HydX;dY; = d(H;dX;)dY;
IBP) d(X,Y;) = X¢dY; + Yid X, + dX,dY;

(
(
(
(

o (1t0s) df (X¢) = Xiy 4L (X0)dX] + 5 300 ) 524 (Xo)dXjdX].
5 Applications
Theorem 5.1 (Lévy’s characterization of BM). Let X' ..., X be continuous local martingales and set

X = (X1,...,X%). Suppose that Xo = 0 and that [ X', X7], = §;;t for all i,j and t > 0. Then X is a

standard Brownian motion on R?.

Proof. Tt suffices to show that for all § € R?,

]E[eiw,Xt—XS)

Fl=ew (~3l0P0 ).

This is basically equivalent to proving that Z; = exp(i(0, X¢) + $|6|*t). We will show that Z € M., and
this suffices since Z is bounded on [0, ¢] for each ¢ > 0.
By definition, ¥; = (8, X;) has the property that
[Y]e = |0]*t.
Now, Z; = exp(iY; + 3[Y];) and then we apply Itd’s with f(z,y) = exp(iz + y/2) to get that dZ, =
iZydYy — 22, - Yy + 32, - V3] = iZ,dY; and then it follows that Z; € M., as desired. O
A consequence is that all continuous local martingales and martingales are time-changed Brownian mo-

tions.

Theorem 5.2 (Dubins-Schwarz). Let M € Mo with My = 0 and [M]s = co. Set 7, := inf{t > 0 :
[M]; > s}, Bs := M, and G5 := F,.. Then 75 is an (Fy)-stopping time and [M],, = s for all s > 0.

Moreover, B is a (Gs)-Brownian motion and

My = By, -

12



One immediate point of contention is that [M]; is potentially flat on some intervals. This seems to suggest
that there is no hope for Dubins-Schwarz to work because By, is plausibly discontinuous. This issue is
handled by the flatness lemma which states that M and [M] are constant on the same intervals.

Lemma 5.3 (Flatness lemma). A.s. for all 0 < a < b, for all t € [a,b], we have that My = M, iff
[M]y, = [M]a.

Proof. Basically follows from martingale property of M? — [M] and M itself. Let S, = inf{t > ¢ : [M]; >
[M],} and so M is constant on [g,Sq]. OST effectively says that E[Mg.q — MZ|Fy) = [M]s, — [M],.
Consequently, using orthogonality of martingale increments of M it follows that

E[(Ms, — My)* | Fy] = B[M3, — Mg | Fy] = E[[M]s, — [M]y] Fy] =0.

q

O

Proof of Theorem[5.3 e (75 is a stopping time, ...) [M] is continuous and adapted. [M]. = oo implies
that 7¢ < oo for all s > 0. Apply other known abstract nonsense from Advanced Probability if

necessary.

e (B is continuous) s — 7, is non-decreasing and cadlag. It suffices to show that B,- = B, for all s > 0.
If 7, = 7, we are done. Else, by localization M € M? and then apply Lemma to the interval
[Ts—,Ts] on which [M] is flat.

e (B is BM) Since [M™] = [M],, = s, and consequently M™ € M?2 since E[[M™]] < oo. In
particular, we have that (M? — [M])™ is a Ul martingale. This immediately shows that the OST that
B is a martingale with [B]; =t and then we can just apply the Lévy characterization.

O

Example 5.4 (Extension of an earlier remark). Let h € L?([0,00)) and let M, := fg h(s)dBs. Then My =0,
M e Mc,loc and [M]t = f(f h2(8)d8 and then

(d)
My, = Bf()oo h2(s)ds ™ N(0, Hh||2L2)

Corollary 5.5 (Dudley?). For any 0 < a < b and any finite random variable X € F,, there is a finite
stopping time T with a < 7 < b such that
T 1
X = ——dB;.
/a b—t

Definition 5.6 (Exponential martingale). Let M € M., with My = 0. Define the process £(M); by
setting
5(M)t = CXp(Mt — %[M]t)

Then E(M) is the stochastic exponential of M. Note that E(M) € M, o and it satisfies d€(M), =
£(M),dM,.

Here E(M) € M, o because by It6’s, we can write dZ;, = Z,(dM; — %d[M]t) + %th[M]t = ZydM;.

Theorem 5.7. Let M € M, . with My = 0. Suppose that [M] is uniformly bounded, then E(M) is a UI

martingale.

If the quadratic variation of a continuous local martingale is small then the martingale cannot be too
large.

13



Claim 5.8. Let M € Mg o with My = 0. Then for all ¢,6 > 0, we have that

2
P [suth > €, [M]o < 6] < exp <6> :
t>0 20

Proof. Fix € > 0 and let T = inf{t > 0: M; > €}. Fix > 0 and set Z; = exp (0M{ — 56°[M]]) then
Zy € M joe since Z = E(OMT) and OMT € M, ioe. Moreover, |Z;] < efs for all t > 0 by construction so Z
is a bounded martingale. And consequently E[Z] = Zy = 1. For each § > 0, we have

P [sup M; > e, [M]o < 5} =P {Sup M > 02 (Mo < 5}
t>0 t>0

<P {sup Zy > 605_925/2]
>0

< exp(—0s + 6%5/2).
where the last step is by Doob’s maximal inequality. O

Proof of Theorem[5.7 It suffices to show that £(M) is uniformly bounded by an integrable random variable;
we use the bound sup;so (M) < exp (sup;so My), since [M]; > 0 for all ¢ > 0. Now use the previous lemma

oo
E [exp (sup Mt>} = / P [exp (sup Mt> > )\] dA
>0 0 >0

/ P [sup M; > log )\] dA
0 >0

%S} 2
§1+/ exp(—w>dA<oo.
1 2c

to write

Next, we see that a change in measure is synonymous to a change in drift.

Theorem 5.9 (Girsanov’s). Let M € Mo be such that My = 0. Suppose that Z = E(M) is a Ul
martingale. Then we can define a new probability measure P <P on (Q, F) by setting P = E[Z1(A)] fro
a€F. If X € M¢oc(P) then X — [X, M] € M¢ 10c(P).

Proof. Let T, = inf{t > 0 : |X; — [X, M];| > n}. It suffices to show that Y7 := XTn — [XTn M] € M, (P)
for all n. Now, the key property of the exponential martingale is that 1to’s gives dZ; = Z;dM,, and so by
IBP we get

d(Z:Y,) = YidZy + Z:dY; + dY,dZ,
- Y;det + thXt
which implies that ZpYr € M, 1o.(P). To finish up it suffices to note that Zp is UI while Y is bounded. O

Remark 5.10. The quadratic variation does not change under this change of measures from P to P.
As a consequence of the above remark and Lévy’s characterization of BM, it follows that we have the

following.

Corollary 5.11. Let B be a standard Brownian motion under P and let M € M joc with Mo = 0. Suppose
that Z = E(M) is a Ul martingale and P(A) = E[Z.,1(A)] for A € F. Then B = B—|B, M] is a P-Brownian

motion.
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In more concrete terms, we have the following variant of Girsanov’s.

Corollary 5.12 (Restatement of Girsanov’s in the Brownian setting). If By is a Brownian motion under a

measure P then by considering the measure Q with Radon-Nikodym derivative
dQ t 1 [t
— = sdBs — = 2ds ),
ap ~ P ( /0 a 2 /0 Hs @S

t
Bt = Bt — / /J/SdS.
0

and under this new measure @,

is a Brownian motion.

Remark 5.13. As a concrete example, consider the following SDE with drift
dXt = ,udt + O'dBt.

Then the change of measure given by

removes the drift.

6 Stochastic differential equations
Let o: R? — .#%™(R) and b: R? — R? measurable, and consider
dX, = o(X,)dB, + b(X,)dt.
A solution is given by:
o A filtered probability space (2, F, (F¢)i>0, P) where (F;)¢>o satisfies the usual conditions.
e An (F;)-Brownian motion in R™,

e An (F;)-adapted continuous process X in R? such that
t t
Xy :X0+/ 0(Xs)dBs +/ b(X,)ds.
0 0

Definition 6.1. Let (B;);>0 be a Brownian motion with admissible filtration (F;);>o. Then we say that

(X, Fi) is a strong solution with initial condition xq if

¢ ¢
Xr — Xo :/ o(s,Xs)dBs +/ b(s, Xs)ds
0 0

and Xy = x¢ holds a.s. for all ¢t > 0.

For strong solutions, we can define pathwise uniqueness which occurs if X and X’ are solutions then
P[X; = X{ V¢t > 0] = 1 and fundamentally this is because we fixed the underlying probability space.
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Definition 6.2. (Xr,F;) on some probability space (2, F¢,P) is a weak solution with initial distribution
p if there exists a Brownian motion (B;);>o on (€, F,P) such that (F;);>0 is an admissible filtration,
P(Xo € ) = pu() and
t t
X — Xo :/ o(s,Xs)dBs —|—/ b(s, Xs)ds
0 0
holds a.s. for all ¢ > 0.

For weak solutions, we ask for uniqueness in law which is when all solutions to the SDE starting from

o have the same distribution.

Example 6.3. The SDE dX,; = —sgn(X;)dB;, Xy = 0 has a weak solution with unique law but no strong
solution with pathwise uniqueness.

Theorem 6.4. If o and b are Lipschitz then there is pathwise uniqueness; for each probability space satsifying

the usual condition and each choice of F;-Brownian motion B, there is a strong solution from any x € R®.

Here for 0 we measure Lipschitzness in terms of the Frobenius norm.

Existence follows from contraction mapping, and uniquess follows from Gronwall’s:

Lemma 6.5 (Gronwall’s). Let T > 0 and let f be a non-negative, bounded, measurable function on [0,T].
Suppose that there exists a,b > 0 such that for all t € [0,T] we have

f) < a—|—b/0 f(s)ds,

Then f(t) < ae®.

The way to remember this lemma is that if f(t) satisfies a (differential or integral) inequality of a suitable
type, then this limits the growth of f(¢) in such a way that f(t) can become at most as big as the function
f(t) which satisfies the corresponding equality. To solve for equality we use the ODE trick of an integrating

factor.

Proof. 1. (Pathwise uniqueness) Let 7 = inf{t > 0: |X;| vV |X;| > M} and then we can use It6’s and C-S

to bound
(/ " o(xa) - o(X;>>st)2 (f b - b(Xé)ﬂ

<o o) - o(xt)2as) + 212 | " x,) - b))

E[(Xt/\'r - Xt//\'r)2] <2E +2E

t
<2K2(1+ T)/ E[(Xsnr — Xonrs )?]ds.
0

Then apply Gronwall’s to f(t) = E[(Xé/\r)fx,,my]'
2. (Existence of strong solution) We show that a solution can be given as the fixed point of a contraction
mapping
t t
F(X)=x —|—/ 0(Xs)dBg +/ b(X;)ds.
0 0
We can apply Doob’s L? inequality to bound (M;) where M; = f(f 0(Xs)dBs because E([M]r) <
27(|o(0)|* + K2|||X|H2T) < 0o. Anyways, combining Doob’s and C-S easily show that

C’ﬂ mn 2
L lIX = Y.

I - e, < =
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To show that this is 7P adapted, it suffices to take Y = z and let Y™ = F(Y"~!). Here Y" is
LY = 2l so

Y™ — X in Cr and so there exists a subsequence (Y"*)>1 such that Y™ — X uniformly on [0,T].

evidently 72 adapted, and by the earlier inequality we have that || X — Y|||; <

n!

Since X is the a.s. limit of 7P random variables, it follows that it must be as well.

3. (Uniqueness in law) As we iterate, it is enough to note that Y — X and yr — X uniformly on
compact time intervals, and then we can use induction to prove that Y™ ~ Y™,
O

Definition 6.6. A locally defined process (X,T) where T is a stopping time and X : {(w,t) € Q x [0,00) :
t<T(w)} =R

Definition 6.7. We say that (X, 7T) is a mazimal local solution to an SDE if for any other local solution
(Y, n) on the same space such that X; =Y; for all t < T A7, we have that n <T.

Definition 6.8. Let U C R? be open. Then f: U — R? is locally Lipschitz if for each compact set C' C U,
we have that f | ¢ 1s Lipschitz.

Theorem 6.9. Let U C R? be open and suppose o: U — #P*™(R) and b: U — R are locally Lipschitz.
Then for all x € U, the SDE dX; = 0(X:)dB; +b(X;)dt has a pathwise unique mazimal local solution (X, T)

starting from x. Moreover, for all compact sets C C U, on the event {T < oo}, we have that
sup{t <T: Xy €C} <T.
Proof. The strategy of the proof is as follows:

1. Fix C C U and let T = inf{t > 0: X, € C}. There exists a globally Lipschitz function that agrees

with o,b on C. Use our earlier work to show that there is a unique local solution in C'.

2. To build a local solution on the whole space, approximate U by growing compact sets C,, and “glue”

the corresponding local solutions.

3. For maximality, suppose we have two maximal solutions (X, 7) and (Y,n). Then define S, = inf{t <
n:Y, & Cp} An. Now earlier work shows that Xy, =Y for all t < T, A Sy, s0 S, <T,. Let n — oo to
show that t < 7.

4. Finally, we need to show that we get well-defined solutions on each compact. To this end one can show
that if we nest C' in another compact C’, that the number of crossing that X makes from Cs to C; can
be written as the solution to a SDE with uniformly bounded coefficients, so it is easily to conclude by
Borel-Cantelli that crossings from C' to € cannot occur infinitely often.

7 Diffusion processes

It turns out that solutions to SDEs is very much related to martingale problems. Given bounded,
measurable a: R? — .Z%*4(R) and b: R? — R? with a symmetric and f € CZ(R), write

d d

2
Li@) = Yo b g )+ 5 3 ayle) = (o)

i=1 3,j=1
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Definition 7.1. X is an L-diffusion if for all f € CZ(R?), we have

MY = 060 = F(¥0) = [ LA

Example 7.2. A restatement of It6’s formula is that if a = oo” then X; = 0 B; + bt is an (a, b)-diffusion.

L-diffusions and SDEs are intimately related. One direction follows from Itd’s almost immediately, and
for the other direction one combines the result of being an L-diffusion for f = x? together with It6’s applied
to X; in order to show that N; := X; — Xy — fot b(X;)ds has the property that [N]; = fos 0%(X)ds and then
we can by hand construct a Brownian motion B; (check using Lévy’s characterization of Brownian motion!)
that N = [ o(X)dB,.

Theorem 7.3. Suppose that X is a solution to the SDE dX; = o(X;)dB;+b(Xy)dt. Let f € C’Z}’Z (Ry xR9),
Then the process

t ((;5; +L> f(s,X4)ds

is a continuous local martingale where a = oo’ and L is as defined above. In particular, if o,b are bounded
then X is an L-diffusion.

Nﬁ=waﬂ—ﬂ&X@—/

0

It turns out that restarting an L-diffusion at a finite stopping time again gives an L-diffusion.

Theorem 7.4. Let X be an L-diffusion and T a fintie stopping time. Set 3\(; = X4t and F = Frit. Then
X is an L-diffusion with respect to F;.

Proof. Use OST to show that E[(M;/ — M)1(AN{T < n})] = 0 and then let n — oo and use DCT to
conclude. ]

What’s the relation between L-diffusions and martingale problems?

Lemma 7.5. Let X be an L-diffusion. Then for all f € C’;’Q(R+ x R?), the process

t
f_ 0
M; _f(taXt)_f(OaXO)_/O (85+L> f(s,Xs)ds

is a martingale.

Definition 7.6. We say that a is uniformly positive definite (UPD) if there exists € > 0 such that for all
x,& € RY, we have

(€ a(x)€) > €*|¢]*.

Effectively our earlier results allows us to use SDEs to build (a, b)-diffusions, and then we can use the
lemma above to also get corresponding martingales. As a generalization to the idea of what we have seen in
Lattice Models/Advanced Probability of using Brownian motion to solve boundary value problems to A = 0,

we have the following two theorems.

Theorem 7.7 (Dirichlet problem). Suppose that u € C(D) N C?(D) satisfies

Lu+¢=0 onD,
u=f on 0D,

with f € C(OD), ¢ € C(D). Then for any L-diffusion X starting from x € D, we have that

u(z) =E,

T
/o o(Xs)ds + f(XT)]
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where T = inf{t > 0: X; & D}. In particular, for all Borel sets A C D, and B C 0D, we have that

[fo XEAds} ngzydy
P, (X1 € B) = [, m(x, y)\dy)

Theorem 7.8 (Cauchy problem). Assume that f € CZ(R?). Let u € Cp*(Ry x R%) satisfy

= Lu on Ry x R?,
u(0,-) = fon R4,

Let p: (0,00) xR x RY — (00) be the corresponding heat Then for any L-diffusion X, for allt € Ry, x € R?,
s <t, we have that E[f(X;) | Fs] = u(t — s, Xs) a.s. In particular

EIXD] = ult) = | plt.o.)f )iy

In fact, X is a Markov process with transition density function p.
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